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Abstract 

The main purpose of this paper is to introduce and investigate a new class of generalized Bernoulli 
polynomials and Euler polynomials based on the g-integers. The g-analogues of well-known formulas are 
derived. The q-analogue of the Srivastava-Pinter addition theorem is obtained. We give new identities 
involving q-Bernstein polynomials. 

1 Introduction 

Throughout this paper, we always make use of the following notation: N denotes the set of natural numbers, 
No denotes the set of nonnegative integers, K denotes the set of real numbers, C denotes the set of complex 
numbers. 

The q-shifted factorial is defined by 

n — 1 oo 
(a;q) = l, (a; q) n = J[ (l - q j a) , n € N, (a; q)^ = J[ (l - (fa) , \q\ < 1, a e C. 

3=0 3=0 



The q-numbers and g-numbers factorial is defined by 

[< = l^7 (9^1); [oy = 1 ; Ki = [i],[2] 9 - 

respectively. The g-polynomial coefhcient is defined by 

n 1 = (q;q) n 
k \ q {T,<l) n _ k {q;q) k 

The q-analogue of the function (x + y) n is defined by 



n 
Jfe 



The q-binomial formula is known as 



(l- O £ = (a;«) n = n(W<0=E 

j=0 A;=0 



77 



gi*(*-l)(_l)* fc. 
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In the standard approach to the g-calculus two exponential functions are used: 



00 z n "~ I I 

■ W = £ m = II a _ (1 _ ^ ^ < l«l < *> H < 



(1 - (1 -g)g fc z)' ' 11 II — al' 

^ (*) = £ 92 r i 1 z = II ( x + 0- - 1) q k z) , < | 9 | < 1, z G c. 

n=0 ^ J 9' fc=0 

From this form we easily see that e q (z) E q (— z) = 1. Moreover, 

A? e « ( 2 ) = e q ( Z ) > D q E q ( Z ) = E q (l Z ) > 

where Z) g is defined by 

Dq f(z) := fM-f( z \ 0<M<1 ! 0#zgC. 

— z 

The above (/-standard notation can be found in [T]. 

Over 70 years ago, Carlitz extended the classical Bernoulli and Euler numbes and polynomials and 
introduced the g-Bernoulli and the q- Euler numbers and polynomials (see [2], [3] and [1] ). There are 
numerous recent investigations on this subject by, among many other authors, Cenki et al. (|12j. |13j . |14j). 
Choi et al. ([TS] and [H]), Kim et al. (PI]- OH]), Ozden and Simsek [25], Ryoo et al. [55], Simsek ([IS], [SO] 
and [31]), and Luo and Srivastava [TT] . Srivastava et al. [32] . 

We first give here the definitions of the q-Bernoulli and the g-Euler polynomials of higher order as follows. 

Definition 1 Let q, a G C, < \q\ < 1. TTie q-Bernoulli numbers ^&n)q o,nd polynomials Q3n"ij (x, 2/) * n as, y 
o/ order a are defined by means of the generating function functions: 



e q (*) - 



— ) -Mhj. IK". 



e, (t) - 1 



(te)£; g (iy) = ^®W( a ;,y) rr7 , |t| < 2tt. 



n=0 



Definition 2 Let q,a G C, < |q| < 1. TTie q-Euler numbers ^n} q and polynomials ^n) q (x,y) in x,y of 
order a are defined by means of the generating functions: 



e 9 (*)-r-/ — L"j 9 

\ OL OO „ 

- e 9 (tx) E q (ty) = J2 (*» f ) r^T 
^ n=0 [ J 9 



,. |t|<7T. 



,(*) 

It is obvious that 

®$ = (0,0), lim *W (x, y) = (x + y) , lim «W = flW , 

= (0, 0) , lim g£*> (i, y) = E^ (x + y) , lim g^ = , 
lim 58^ (x, 0) = flW (a;) , lim 3>W (0, ») = flW (y) , 

lim g£> (x, 0) = (x) , lim (£<$ (0, y) = E^ (y) . 

q— KL- g— >1 _ 
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Here (x) and (x) denote the classical Bernoulli and Euler polynomials of order a which are defined 
by 



\ a v ,„ / 9 \ Q v 



t" 



n=0 L '" J <?' ' ' "' ' n=0 L V 



In fact Definitions [T] and [2] define two different type 58„ Q q (x,0) and *8n Q g (0, y) of the g-Bernoulli polynomials 
""■ 1 1 * (x, 0) and (0, y) of the q- Euler polynomials. Both polynomials <~ " 1 ' 



^Bn}q (0,2/) (si"? 0) and (E^l (0, y)) coincide with the classical highe order Bernoulli polynomilas (Euler 
polynomilas) in the limiting case q — > 1 — . 

For the g-Bcrnoulli numbers <! B n .q 1 the g-Euler numbers <E n . q of order n, we have 

= ®n, g (0, 0) = bW (0, 0) , g n ,, = <£„,, (0, 0) = <S« (0, 0) , 

respectively. Note that the ^-Bernoulli numbers *B r i,g are defined and studied in |26) . 

The aim of the present paper is to obtain some results for the above defined q-Bernoulli and g-Euler 
polynomials. In this paper the (/-analogues of well-known results, for example, Srivastava and Pinter |10) . 
Cheon [5], etc., will be given. Also the formulas involving the g-Stirling numbers of the second kind, q- 
Bernoulli polynomials and Phillips q-Bernstein polynomials are derived. 



2 Preliminaries and Lemmas 

In this section we shall provide some basic formulas for the g-Bcrnoulli and g-Euler polynomials in order to 
obtain the main results of this paper in the next section. The following result is g-analogue of the addition 
theorem for the classical Bernoulli and Euler polynomials. 



Lemma 3 (Addition Theorems) For all x, ye C we have 

n r -i n 



fe=0 



k=0 



(*, tf) = E I g<*-*X"-*- 1 >/ 9 »a (*, 0) y n ~ k = Y, 



k=0 



k=0 



fe=0 



fc=0 



n 
k 

n 
k 

n 
k 



»£J(0,tf)^' 



€^(0,y)^ 



n — k 



(i) 

(2) 



In particular, setting a; = and jy = in ([T]) and |2|). we get the following formulas for g-Bernoulli and 
g-Eulcr polynomials, respectively. 





= E 


n 
k 






n 

= E 

k=0 


n 
k 


(*(.<*) „n-k 

^k,q X ' 
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k=0 



n 
k 



e$(o,v) = £ 

Setting jy = 1 and a; = I in ([!]) and (JSJ> , we get 



k=0 



n 
k 



(n-j()(r.-fc-l)/2m(«) n-t 
1 fc,?*' ' 



(n-W(n-k-l)/2*(«) n-fc 

< 4,}!' 



®$ i) = E 

fc=0 
n 



fc=0 



n 
n 

A: 



(n-fc)(n-fc-l)/2fj»(a) 



fe=0 



n 
fe 



< } (o,y), 



(n-fc)(n-fe-l)/2^(a) 



«£3(^o), e^(i,2/) = E 



fc=0 



n 



(3) 
(4) 

(5) 
(6) 
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Clearly (O and © are g-analogues of 



4 a) (*) 



respectively. 
Lemma 4 We /iat;e 

D q .M a , ] g y) = M, 2/) , D,,^' y) = [n], B^,, (x, qy) , 

D qtX e£l (x, y) = [n] q £ ( n % q (x, y) , D q . y €^ q (x, y) = [n] q € ( n % q (x, qy) . 

Lemma 5 (Difference Equations) We have 

»[°» (1,2/)- (0, tf) = [n], BfciS (0, y) , 
^)(l,y) + eW(0,y) = 2^- 1 ) (0,y), 
(x, 0) - B£*> (x, -1) - [n], B^ {x, -1) , 
<£$ 0) + <£$ -1) = (re, -1) . 

From ||ZJ) and (J3J), (JSJ) and Q we obtain the following formulas. 
Lemma 6 FFe /iawe 



<-i>,y) 



[n + 1] 



1 " 



(0,2/) = J 



9 fe=0 

n r 



n + 1 
fc 



»S(o,y). 



,fc=o 



Putting a = 1 in (|9]) and (flOl) . and noting that 

Bi )(0,2/) = ei°)(0 ) y) = ^- 1 )/V, 
we arrive at the following expansions: 



q n(n-l)/2 [ n + X j 



2g n(n-l)/2 



E 

Lfc=0 



E 

9fc=0 

n 

A: 



n+1 
k 



B fe)9 (0,y). 



<£ M (0,2/) + <£„, ? (0,y) 



which are g-analoques of the following familiar expansions 



1 ™ 
+ 1^ 

fe=0 



n+1 
k 



B k (y), t 



.fc=0 



E( l )E k (y)+E n (y) 



respectively. 



Lemma 7 (Recurrence Relationships) The polynomials 53£"g (x, 0) and ^h) q (x, 0) satisfy the following dif- 
ference relationships: 



k 

E 

3=0 

03 



fc 
. 3 

(a) 
A; . f/ 



®55m)-E 



j=0 



m'B^Cr.-l) 



fc-j 



ft r 

E 

3=0 



fc r 



fc-i 

•E 

fc-1 



J=0 



fc-1 

3 

fc-1 
.) 



j+ifftC - 1 ) 



<B^(*,-L), (12) 



fc-j-i 



fc r 



fc 



m^g,^ (x,-l), 



(0,2/) 
(13) 

(14) 



3 Explicit relationship between the g-Bernoulli and g-Euler poly- 
nomials 

In this section we shall investigate some explicit relationships between the g-Bernoulli and g-Euler polyno- 
mials. Here some g-analogues of known results will be given. We also obtain new formulas and their some 
special cases below. These formulas are some extensions of the formulas of Srivastava and A. Pinter, Cheon 
and others. 

We present natural q-extensions of th main results of the papers [TO] , [5] j see Theorems \E\ and 



Theorem 8 For n £ No, the following relationship 
1 " 

<BM (a, y ) = - V 

k=0 
fc-1 

+ [*],£ 



n 
fc 



3=0 



fc-1 

3 



58' 



) 1 r 

= 2^E 



fc=0 

fc-i 



n 
j 

fc-1 



m fc *8g(*,0)+]r 

< } (o,y) + E 



fc 



m'S^J (a, -1) 



<S„-fc, 9 (0, my) . 



" fc " 










. 3 


q 





fc-i 



9 v W / 9 



fe-l-j 



3-1] ©^(O.y) 



holds true between the q-Bernoulli polynomials and q-Euler polynomials. 



Proof. Using the following identity 



5 



wc have 



t n 1- 



„_n I- Jo m— n I- Jq 



n=0 



J 9'ri=0 



It is clear that 



1 00 n 00 n 00 n 

r.— fl L J Q n— ■ n-ni — n 



n=0 

On the other hand 



n=0fe=0 



n 
J 



m k - n ^l(x,0) <E n . ktg (0,rny)—. 



1 00 n 00 n 



J <3 n=0j=0 



77 



m "(£,-,, (0,my) 



1 00 n 

= ^EE : *Km)E 

n=0/c=0 L J 9 



n — k 



1 



n=0 j=0 



J 



(Sj l9 (0, my) 



n — k 
j 



m k - n £ jA (0,my) 



n] q \ 



71—3 



k=0 



n-j 
k 



t" 



Therefore 



00 n r 



n=0 



nU 2 

'Q n=0k=0 



j 



h 

^ q (x,0)+m- k J2 
3=0 



{x, 0) 



t" 



It remains to use the formula (|T12j) . ■ 

Next we discuss some special cases of Theorem |5J 

Corollary 9 For n € No, m G N the following relationship 
1 ™ 

®n, 9 (^y) = ^-rE 



fc=0 
fc-1 r 



n 
k 



fc <8 M (x,0) + ]T 
3=0 



m J » i)g (z, -1) 



ra,E 



3=0 



k - 1 



m ]+1 (a - 1) J C 



<£n-fe, 9 (0,my) , 



05, 



1 n 



fc=0 

fc-i 



71 

i 



77/ 



fc <8 M (0,y) + £ 
i=o 









. i 


9 





fe-j 

q 



+w«E 

i=0 



jfc - 1 
J 



1 



1 



fe-i-j 



holds true between the q-Bernoulli polynomials and q-Euler polynomials. 
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Corollary 10 JBjj For n £ No, m£N the following relationship holds true. 

n 

B n (x + y) = J2 



fc=0 



B k {y) + ~y k - 1 ) e„. ,,(.»■). 



1 n 



fc=0 



TO K S fe (x) + m K B k \x-l-\ + km (1 + m (a; - 1)) 



\fc-i 



Corollary 11 for n G No the following relationship holds true. 

<B n , q (x,y)=f2\ I 1 (B*, 9 (0,I/)+g* (k - 1)(fc - 2) ^ i » fc - 1 )<S B - fc , 9 (^0). 
fc=o L J g V / 

Corollary 12 For n e No i/ie following relationship holds true. 



E n - k ,q (my) . 



(16) 



Q3„, g (ar,0) = ^ 



fc=0 

(fe#i) 



»„, g (Q,|/)= ]T 



fe=0 

(i+i) 



k 



n 
k 



0) + *Bi )9 + - <£n-i )(2 (ac, 0) . 



Bk,,«n-*,« (0, y) + [ Q5i, g + - ) g„_i, ? (0, y) . 



(17) 
(18) 



The formulas (ITBl - lfTS)) are g-extension of the Cheon's main result [5]- Notice that Q5i. 9 = — jjp, see [26] . 
and the extra term becomes zeo for q — > 1~ . 



Theorem 13 For n € No, the following relationship 

k+i 



1 

<41 fay) = E TO n-iu. + 1 i 

fc=0 J <? 
fe+1 

-E 

n 

e$faw) = E 



^E 



fe + 1 
j 



1 



fc + 1 
J 

fc+i-j 



k+i-j 



-1) dr^co.y) 



-1) ^(O.yJ-^CO.y) 



(a) 



fc=0 

E 

J'=0 



7? 



fe+1 
j 



1 



fc+1 

^E 

3=0 



fc + 1 
j 



fa-1) 



m" [fc + 1] 

m'<S& (s,-l)-,,/' + 1 C.', „(,.()) 



®n-fc,g (0, my) 



/io/ds irne between the q-Bernoulli polynomials and q-Euler polynomials. 
Proof. The proof is based on the following identities 



(*) + l 



e g (ta) F 9 (iy) 



e 9 (t) 



7) M^) 



e 9 (£) " 1 * 



e„ — ma; 



and similar to that of Theorem \E\ ■ 

Next we discuss some special cases of Theorem [T3] 



-Eg — my 
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Corollary 14 For n e No, m <5 N the following relationship 

fc+1 



fc=0 
fc+1 r 

E 

3=0 



n 
k 



m 

W+1L 



^E 



fc + 1 

i 



m 3 (x — l)g 



fc + 1 



ro'gj,, (z, -1) - m k+1 € k+hq (x, 0) 



®n-fe, 9 (0,my) 



holds true between the q-Bernoulli polynomials and q-Euler polynomials. 
Corollary 15 Jfjjj For n € No, m E N the following relationship holds true. 



E n (x + y)=J2 1 —T[ I ){y k+1 -E h+1 {y))B n . k {x) 

fe=0 1 x ' ' 
n 

E n {x + y) = J2 



fc=0 



n \ m 
k 



fc-n+1 



2 a; 



1 — m 



fc+i 



fc + 1 

Corollary 16 for n € No fte following relationship holds true. 

2 



Ek+i [ x H ) - E k+ i (x) 



B„_ fc (my) . 



fc=0 



n 
k 



[fc + 1], 



fc ( fc + i) y fc + i _ (Q) ^ ;8n _ fc ^ (X) Q) 



Corollary 17 For n G No i/ie following relationship holds true. 

2 



<£ n , q (a:,0) = 

fc=0 



fc=0 



fc 

n 
fc 



2 



-(£fc+l,g?8n-fc,8 (0,2/) • 



These formulas are g-analogues of the formula of Srivastava and A. Pinter |10) . 

4 g-Stirling Numbers and (/-Bernoulli Polynomials 

In this section, we aim to derive several formulas involving the g-Bernoulli polynomials, the g-Euler polyno- 
mials of order a, the ^-Stirling numbers of the second kind and g-Bernstein polynomials. 

Theorem 18 Each of the following relationships holds true for the Stirling numbers S^n, fc) of the second 
kind: 



3=0 



^ q (x,y) = J2 

3=0 



J 

mx 
3 



. n ~3 

i'E 


n 
fc 


m^"5Bg(0 )2 /)5 2 (n 


- fc, i) , 


fc=0 








■ n—3 
fc=0 


n 
fc 


m''- n e£2(o, y )s 2 („- 
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The familiar g-Stirling numbers S^n, fc) of the second kind are defined by 



m=0 



8 



where k £ N. Next we give relationship between q-Bernstein basis defined by Phillips [57] and g-Bernoulli 
polynomials 

b n ,k (q; x) := x k (1 - x) n ~ k . 



Theorem 19 We have 

n 

b n ,k (q; x) = x k 



m=0 



n 
m 



S 2 , q (m, k) &nl m „ (1, -x) . 



Proof. The proof follows from the following identities. 



x k t k 

w eq 



(t)E q (-xt) = J - n Yl 



t k ^ {l-x) n q t n 



[k] ! ^ In] : 

oo r 

V b 1hk (q; x) — 



E 

n—k 



n 
k 



n—k , n 



x*(l-x)» -"f 
[n] q l 



and 



x k t k 



[k] 



-e q (t)E q (-xt) 



x k (e q (t) - l) k 

[k] q l (e,(t)-l) 



T e q (t)E q (-xt) 



M j.m 4-n 

oo / n 

* fc E(E 



n— \m— 



n 



S 2 , q (m, fc) «B;2 mi9 (1, -x) 7-r 



(19) 



Finally, in their limit case when q — > 1 , these last result (TTT))) would reduce to the following formula for 
the classical Bernoulli polynomials B^f 1 (x) and the Bernstein basis b n ^ (x) — x k (1 — x) n ~ k : 



b„,k (x) = a; 



fc E 

m=0 



m 



S 2 (m,k)& k I m (l-x). 
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